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N\ENFâF+Jâ^!E�H

A�EGP
PXFâF U A2H�Z U ExF7�
� U A"�L��Hx^5IKHQZ\R_N U PE�âNdE4WGRnJ&Z\E
O(log n)

jomDzDnfR

� � ��������� �����|�3�����

�S�-� ���v����	 �v���
�àR
HG^d^�F+PÐR!Z��+HQZ

n
�+HGN�Z U Rn^ÃHGN\RXA�EGF+FâRJA�Z\R_JpM�C~�£R2N�H¥RJA�Z\I1C]^�RVA$FâNdR'A"�+HGFâFâR2IÈ^ U F@H�^�C�F�P

A"�âN\ExFâEQF9^'FâR�Z���EGN W R
�¶R2Z Fp

JbR2FâEGZ\R&Z@�âR a F U ZdR a R_IKJO� U Z�� p
R2IKR2P
R2F�ZO^��
�âR_N\R

p U ^
H�âN U P
R~�9E4��R2NVR �@RK� U IXI¯Hx^\^�FâP
R�Z@�âNdEQF�GN�âEQFbZÐZ��9H�Z p U ^
IÈHQN@GGR�R2FâENF�GQ� M9RVA2H�F9^�R�EQF+N
�âN\EGZ\E	A�ExIK^�A2HGF]EGFâI1C~GQF+HGNdHGF�Z\R2R4^�RVA$FâN U Z�CL� U Z��àH}�âNdEQM+HQM U I U Z�C 1 − O(n2/p) S �
�âR_N\R

nU ^!Z��âRÅP&H�t U P'F+P�F�FâPXM9R_N
E�H�NdE4�¯^'EGNXA�EGI1FâP
F+^ U FßZ@�âRÅP&H�ZdN U A�Rn^
H��3�9RnHQN U F�G U F�Z��+RI U FâR_HGN¯^�Cb^�Z\R_P
^5EQH�RVUNF9H�Z U EGF9^ R
�iC

[a]
�)R�JbR2FâEGZ\R$H]^�RVA�NdR�Z4^��+HGN U F�G]EQH a ∈ Fp

E4WxR2N
Fp

R �àR$HG^d^�F+PÐRÅZ��+HQZ
Z��+R
^�RVA�NdR�Z�Ph^��+HQN U F3GÁ^�A"�+R2P
R�HGIXIKE4�¯^/Z\E]A�ExP(�3FbZ\R�HÇ^��+HGN U F�G [a+b]

H¥NdEGP
[a]
HQF+J

[b]
� U Z��+EQFbZ

A�EGP
PXFâF U A2H�Z U ExF S HQF9J�Z@�+H�Z U ZÃHGIXIKE4�¯^)Z\E�A�ExPE��FbZ\R
[ab]

H¥NdEGP
a ∈ Fp

HGF+J
[b]

� U Z@�âEQFâZ
A�EGP
PXFâF U A2H�Z U ExF !	��R^��N U Z\R

[a + b]← [a] + [b]
HQF+J

[ab]← a[b]

H¥EGN'Z@�âR_^\RÅEQ�£R2NOH�Z U ExF+^JR`���âR�^\RJA�NdR�Z�P�^��+HGN U F�G�^�A"�âR_P
RÅ^��âENFâIÈJàEQH�A�EQF+Nd^\R&HQIÈ^�E]HGIXIKE4�ÎZdE
ZdH W R]H�^��9HQN U F�G [c]

HGF+JîN\RJWGRnHQI5Z��+RpW�HQI1FâR
c ∈ Fp

ZdEÔHQIKI��+HGN�Z U Rn^"! �@Rp��N U ZdR c ←
#%$�&'$)(�*

([c])
R

�àR!HGIK^\EÅHG^d^�F+PÐRÇZ@�+H�Z¯Z@�âR!^\RJA�NdR�ZÁ^��+HGN U F�G&^�A"�+R2P
R!HQIKIXE4�¯^�ZdE�A�ExP(�3FbZ\R!H&^��+HQN U F�G
[ab]

H¥NdEGP
[a]

HQF+J
[b]

� U Z���FâF3A2EGF+J U Z U ExF+HQIV^\RJA FâN U Z�CQR �@RÅJbR2F+EQZ\RÐZ@�âR
P'FâIXZ U �âI U A_H�Z U EGF
�âN\EGZ\E	A�ExIeM�C,+.- *0/ S HGF+J7��N U Z\R

[ab]← +.- *1/
([a], [b]) .

�àR�� U IKItR$t	�âNdR_^d^¶Z@�âR��âNdEQZ\E	A2EGIÈ^ �nN\ENFâF+J�A2EGPE�âIKR$t U Z U R_^-HG^/Z��âR5F�FâPXM9R_N�EQH9^\RJU�FâR2F�Z U HGIN\ENFâF+Jâ^&EQH2+.- *0/ U F�WxE	A2H�Z U ExF+^(� HQF+JîZ@�âR U N7A2EGP
P'FâF U A_H�Z U EGFdA2EGPE�âIKR$t U Z U Rn^�Hx^&Z��+RE4WGR2NOHQIKI5F�FâP'M£R2NÅEQH3+4- *1/ U F�WGE	A2HQZ U EGF+^JR�c�R RQR SVU H_��R a Nd^�ZÅN@FâF a
A�EN� U Rn^
E�H�+.- *0/ U F

�+HQNOHQIKIXR_I)HGF+J�Z@�âR2F"N�FâF
b

A�EN� U R_^4E�H4+.- *1/ U F �+HQNOHQIKIXR_I S Z��âR_Fs��R$^dHDCàZ��+HQZ(��R}�+HDWxR
N\ENFâF+JOA�ExP(�+IXR t U Z�C 2

HGF+JOA�EGP
PXFâF U A2H�Z U ExF�A2EGPE�âIKR$t U Z�C a + b
R �ÁEQZdR&Z��+HQZ
^lZOHQF+J+HQNOJ

I U FâR_HGN�<:WGR_N Uoa H�M+IXRD?¶^\RJA�NdR�Z�P�^��+HGN U F�G¯^@A"�âR2P
R_^��+HDWxRVR$��A U R2F�Z�A�ExF+^lZOHQF�Z�P�NdEQFâF+J+^`�âNdEQZdE�A2EGIÈ^
H¥EGN�P'F+I�Z U �âI U A2H�Z U ExF`R

�âEGN¶H5P&HQZ\N U t A ∈ Fn×m
p = (Aij)1≤i≤n,1≤j≤m

��R�� U IKI�F+^\R [A] = ([Aij ])1≤i≤n,1≤j≤mH¥EGN�HÁ^��+HGN U F�G�EQHbH¯P
HQZ\N U tSRV�âEGN�P'FâIXZ U �âI U A_H�Z U ExF!E�HtZ���E¯P&H�Z\N U A�R_^ A ∈ Fn×k
p

S B ∈ Fk×m
pE�H­P
HQZ@A"� U F�G!J U P
R2F+^ U EGF+^|��R¯^ U PE�âI1C'��N U ZdR [C]← +.- *1/

([A], [B]) S �
�âR2NdR
C = AB ∈

Fn×m
p

R`>]HQZ\N U t]PXFâI�Z U �+I U A2HQZ U EGF��+HG^ÇZdELM£REFâF+JbR_Nd^�Z\EtEbJ�A�EGPE�£EGFâR_F�Z�� U ^\RÐHGF+J�A2HQF�M£R
A2HQNdN U RnJëEQFbZ U F,ExFâR NdEQF+F+J,HQF9J nmk

�9HQNOHQIKIXR_I U F�WxE	A2H�Z U ExF+^&EQH'Z��âR@P'FâIXZ U �âI U A_H�Z U ExF
�âN\EGZ\E	A�ExI-R



�âEGN
EQFâN��+N\EGZ\E	A�ExIK^�ZdEpM£R�HQA�Z U WGR2I1Cà^\RJA FâNdR S Z@�âR�^\RJA2N\R2Z4^��9HQN U F�GM^@A"�âR2P
R�HGF+J@Z��+RP'FâIXZ U �âI U A_H�Z U EGFL�âNdEQZdE�A2EGI­^��+EQFâIÈJ}M£R'HQA�Z U WGR2I1CÅ^\RJA$F+N\RNR���� U ^ U F7�9HQN\Z U A$FâIÈHQN�P
R_HQF9^�Z��+HQZZ��âRÅHxJ	WGR_Nd^dHQN@C]^lZdN�FTA�Z�F+N\R
P'F9^lZ�M£R
Q2

R ��CMZ@�âR�HxJ	WGR_Nd^dHQN@CM^lZdN�F3A�Z�FâNdRE�)R&P
RnHQF@Z��âR
^�R2Z A EQH�^�F3M+^�R2Zd^

C ⊂ {1, . . . , n} �
� U A"�]Z@�âR4HxJ	WGR_Nd^dHQN@C�P U GQ��Z^A2EGNdN�F��âZ !3c�Z U ^ Q2 U HU Z��âExIKJ+^�H¥EGN¯HQIKI
C ∈ A Z��9H�Z {1, . . . , n} \ C 6∈ A R

�S��� � 	��\� ��� 	����d�J��	 �
����
S�v���

���âR_H¥EGIKIXE4� U F�G W FâE4��F�ZdRJA"�âF U U�FâRn^�� U IKI`M£R'E�H U PE�9ExN�ZOHQF3A2R�IKHQZ\R2N�ExF`R

��24;eZQ8�&���)1�$&u�$;T*:���E���âR}�+HQN\Z U R_^�A_HQF�^��+HQNdR&HKFâF U H¥EGNdP
IoCàNdHGF+JbEGP S F+F W FâE4��F a R2IÈJR2IKR2P
R2F�ZJR��@R}��N U ZdR [a] ← # (��
()
Rr��� U ^ U ^ÐJbEGF+R}M�CßIXR2Z�Z U F�G@R_HNA"�\�+HQN\Z�C

Pi

JbRnHQI5H
^��+HGN U F�G [ai]

E�H+H�FâF U H¥EGNdPÐI1C�NdHGF+JbExP ai ∈ Fp

RD���+R2F'Z@�âR��+HGN�Z U Rn^�A2EGPE��FbZdRVZ@�âR)^��+HQN U F�G
[a] =

∑n

i=1
[ai]

R����+R}A�ExPÐPXFâF U A2HQZ U EGFOA�EGPE�âIKR$t U Z�C EQH�Z@� U ^ U ^'G U WGR_F M�C
n
JbRnHQI U F3Gx^ S

�
� U A"�B�)RÐHG^d^�FâP
R U ^^F����£R2N^M£EQFâF+JâR_JpM�C$Z��+R(A2EGPE�âIKR$t U Z�C�EQHVEGFâR U F�WGE	A_H�Z U EGFMEQHVZ��+RP'FâIXZ U �âI U A_H�Z U EGF~�âNdEQZdE	A�EGI6R
cfHi�+Hx^\^ U WxR4^\RJA FâN U Z�C U ^^A2EGF+^ U JbR2NdR_J S Z@� U ^ U ^ÇZ\N U W U HQIKI1C�^\RJA FâNdRQRecfH�HNA�Z U WGR
^\RJA$F+N U Z�C U ^

A�EGF9^ U JbR2NdR_J$HQF9J$^\EGP
R]�+HGN�Z�C�N\R HIF+^�Rn^�Z\E�A2EGF�Z\N U M3FbZ\R]� U Z��MH&JbRnHQI U F�G S Z��+R!^�FâP U ^���F+^lZZdH W R2FàE4WGR2NÁZ��âRuA2EGF�Z\N U M3FbZ U F�G}�9HQN\Z U R_^JRe��� U ^ÇP
R_HGF+^¯Z@�+H�Z�Z@�âRÐ^�FâP U ^�H�Z�IXRnHG^�ZÃZOH W R2FE4WGR2N
ai

H¥EGN
i ∈ H S �
�+R2NdR

H = {1, . . . , n} \ C
H¥EGNÃ^\EGP
R

C ∈ A RS� U F3A2R A U ^ Q2 U ZH¥EGIKIXE4�¯^ÇZ@�+H�Z
H 6∈ A Rv�tE S H�Z!IKR_Hx^lZ!ExFâRu�âEGF+R_^�Z��+HQN\Z�Cp� U IXI�A2EGF�Z\N U M�FbZ\R
ZdE�Z��âR�^�FâP S

U PE�âI1C U F�G&NOHQF9JbEGP
FâRn^\^5HQF9J}�âN U W�HNA$CÅEQH/Z@�âR!^�F+PLR

��24;eZQ8�&���;3[4� %�*-, � )o����)o� &u�$;T*:���vqÁ^ U F3G]jom nGZ��+Rr�+HQN\Z U R_^�A2HQF'^��+HQNdRVH�FâF U H¥EGNdP
IoCÇNOHQF+JbExP S
FâF W FâE4��F S­U F�WxR2N\Z U MâIKR a R_IKJàR2IKR2P
R2F�Z'HQIKEGF�G7� U Z@�@H$^��+HQN U F3GÅE�H U ZO^ U F�WGR_Nd^\RQR��àR(��N U ZdR
([a], [a−1]) ← # (�� ∗() HQF9J U Z_�âNdE	A�R2RnJâ^ÁHx^
H¥ExIXIKE4�¯^��

[a] ← # (��
()
HGF+J

[b] ← # (
�
()
R

[c] =
+.- *1/

([a], [b])
R
c ← #%$�& $)(�*

([c])
RTcfH

c 6∈ F∗
p
S Z��âR_F H�M£EGN\ZJR �ÁZ��âR_N�� U ^�R S �âNdE	A�R_R_JHG^�H¥EGIKIKE4�¯^��

[a−1]← c−1[b]
RâHGF+J$EQFbZ@��FbZ

([a], [a−1])
R

���âR7A2EGNdN\RVA�Z\F+R_^d^ U ^Ð^�Z\NOH U GQ��Z�H¥ExN��5HQNOJSR`�Á^'H¥EGNX�âN U W�HQA C S�U H c ∈ F∗
p
S Z@�âR2F (a, b) U ^HpFâF U H¥EGNdP
IoCßNOHQF+JâEGP6R2IKR2P
R2F�ZXH¥N\ExP

F∗
p × F∗

p

H¥ExNX�
� U A"� ab = c S HGF+JßZ���F+^ a U ^4HFâF U H¥EGNdPÐI1CÔNOHQF+JâEGP R_IXR_PÐR_F�Z U F F∗
p

R�cfH
c 6∈ F∗

p
S Z��âR_F"Z@�âR]HQI1GGExN U Z��+P H�M£EGN\Zd^JRr��� U ^

�+H����£R2F9^]� U Z@�O�âN\ENM+H�M U I U Z�CMIKR_^d^�Z@�+HQF 2/p
R`���âR�A�ExPE�âIXR t U Z�C U ^u<�HQZ!P
Ex^�Z"?

2
N\ENFâF+Jâ^

HQF+J
3 U F�WxE�A_H�Z U ExF+^�E�H +4- *1/ R

��; �"8�#	;�ZQ�"Z���24;T.���; �K#	)+*6, 0�)+,:!"2�*-,:8�;!�pqÃ^ U F�G@Z��+R�Z\RJA"�+F U U�FâR~H¥NdEGP jom n U Z U ^E�£Ex^d^ U MâIKRZ\E�JâE}FâF�M£EQFâF+JâR_J~H�HGF	P U F PXFâIXZ U �âI U A2HQZ U EGF U FBA2EGF+^�ZdHGFxZÇN\ENFâF+Jâ^JRT�+EGNÃZ��âRÐ^��£RJA U HGIvA_HG^\R
�
�âR2NdR_�)R]A�ExPE��FbZ\R!HGIXI 
��âNdR a t7�âN\EbJ	FTA�Zd^#" ∏m

i=1
ai

<
m = 1, . . . , `

? S �)R]��N U ZdR

([a1], . . . , [(a1a2 · · · a`)])←
+.- *1/ ∗([a1], . . . , [a`]) .

chF4Z@�âR
H¥ExIXIKE4� U F3G S ��R�ExFâI1C
FâR_R_J4Z��âR�A_HG^\R��
�âR2NdR
�)R��+HDWxR U F��3FbZd^ [a1], . . . , [a`]
S �
�âR2NdR

ai ∈ F∗
p

RQ�+EGN
1 ≤ i0 ≤ i1 ≤ ` S IXR2Z ai0,i1 =

∏i1
i=i0

ai

R �àR�HQNdR5E�HÞZdR2FÐEGFâI1C U FxZdR2NdR_^�Z\RnJ U F
A�EGPE��FâZ U F�G a1,`

S M�FbZ�Z��âRÃPÐR2Z��âEbJ&HGIXIKE4�¯^�Z\E'A2EGPE��FbZdRÁHQF�C4EQZ��+R2N
ai0,i1

H�ZVZ@�âR�A2Ex^�ZVE�H
EGFâR!R ttZ\NOH
P'FâIXZ U �âI U A_H�Z U EGF�RT�âExN�Z��+R'A�ExP(�+IXR t U Z�C�HQF+HGIoCb^ U ^ S IXR2Z A

JâR2FâEGZ\R'Z@�âR!F�FâP'M£R2N
E�H

ai0,i1

� ^
�
� U A"�L�)R_�5HQF�Z5Z\E�A�ExPE��FbZ\RNR



� U NO^lZ¶N@FâF # (�� ∗ `+1
Z U P
R_^ U F]�+HGNdHGIXIKR2I S Z\E
GxR2FâR_NdHQZ\R

[b0 ∈R F∗
p], [b1 ∈R F∗

p], . . . , [b` ∈R

F∗
p]
S HQIKEGF3GX� U Z�� [b−1

0
], [b−1

1
], . . . , [b−1

` ] S F+^ U F�G 2
N\ENFâF+Jâ^5HGF+J

3(` + 1) U F�WGE	A2HQZ U EGF+^)E�H+.- *1/ R��+EGNÐ^ U PE�âI U A U Z�C��)Ru� U IXIiF+^\R&Z��âR�R_^�Z U P
HQZ\RÅEQH 3` U F�WGE	A2HQZ U EGF+^JR����âR_FOH¥EGN
i =

1, . . . , `
A2EGPE��FbZdR¯HQF+J
NdR WxR_HQI

[di] =
+.- *1/

([bi−1], [ai], [b
−1

i ]) S F+^ U F3G 2
NdEQF+F+Jâ^VHGF+J

2`
U F�WGE	A_H�Z U EGF9^-E�H +.- *1/ R �ÁE4� ��R
�+HDWGR�Z@�+H�Z

di0,i1 =
∏i1

i=i0
di = bi0−1(

∏i1
i=i0

ai)b
−1

i1
=

bi0−1ai0,i1b
−1

i1
S ^\E=�)ROA2HGF A�ExPE��FbZ\R

[ai0,i1 ] = di0,i1

+4- *1/
([b−1

i0−1
], [bi1 ])

S F+^ U F�G 1N\ENFâF+J'HQF9J
A U F�WxE	A2H�Z U ExF+^­E�H +4- *1/ RJ���âR�E4WGR2NOHQIKIQA2EGPE�âIKR$t U Z�C U ^ 5 N\ENFâF+Jâ^�HQF+J O(`+a)U F�WGE	A_H�Z U EGF9^)EQH +4- *1/ R

���âR)^dHQP
RiA2EGF3A2R �bZvGGR_FâR2NOHQI U [_R_^¶Z\E�F+F�M£EQF+F+JbR_J�H�HQF	P U F!P'FâIXZ U �âI U A_H�Z U ExF!E�H+P&HQZ\N U A2R_^JR
�¶R�ZÁ^��+HGN\Rn^

[Mi]
E�H�P
HQZ\N U A2R_^ Mi ∈ Fm×m

p

M9R]G U WxR2F`R���GxH U FL�)R_��N U ZdR

([M1], . . . , [(M1M2 · · ·M`)])←
+4- *1/ ∗([M1], . . . , [M`]) .

H¥EGNÅZ@�âRà^��£RJA U HQI^A2Hx^�RK�
�âR_N\RB�)RBA2EGPE��FbZdRàHGIXI 
��âNdR a t"P&H�ZdN U t=�+N\EbJ	F3A�Zd^#" ∏k

i=1
Mi<

k = 1, . . . , `
?$RJ���âR�HQM9E4WxR|�âN\EGZ\E	A�ExI4GGR_FâR2NOHQI U [_R_^£ZdE�Z��âR�P
HQZ\N U t_A2Hx^�R S �
�âR2NdR�H5NOHQF+JâEGP

U F�WGR_N�Z U M+IXR a R2IÈJ R_IXR_P
R2F�ZÇF+E4�0Z\NOHQF+^\IÈH�Z\Rn^�ZdE$H�NdHGF+JbExP U F�WGR_N�Z U MâIKRÐP
HQZ\N U tSR­D¯HQF9JbEGP
U F�WGR_N�Z U M+IXR�P&H�Z\N U A�R_^�HQNdR�A�NdR_H�ZdR_J'F+^ U F�GÃZ��âR�^dHQP
RVZ@�âR5P
R�Z��+EtJÐHG^vGxR2FâR_NdHQZ U F�GÃHÇ^��9HQNdR_JNdHGF+JbEGP U F�WGR_N�Z U M+IXR a R2IÈJ$R2IKR2P
R2F�ZVR

���$#32�)+,/*65 � �@R�JbR a F+R�Z@�âR$RJU�F+HQI U Z�C HIF+F3A�Z U ExF δ : Fp → Fp

HG^
δ(x) = 0 U H x = 0HQF+J

δ(x) = 1
EGZ��âR_N�� U ^\RQR � U WGR_F�H�^��+HGN\RnJLW�HGIoF+R

[x] S Z��âR_N\R
R$t U ^�Zd^ÁHu�âNdEQZ\E	A2EGI�j � S m��4nZ��+HQZ_A2EGPE��FbZdR_^ S9U FàH7A�EGF9^lZOHQF�ZÃF�FâPXM9R_NÃEQH�N\ENFâF+Jâ^ÃHQF+JBF+^ U F�G O(log p)
A2HGIXIÈ^ÁZ\E�Z��âR

P'FâIXZ U �âI U A_H�Z U EGF~�âNdEQZdE	A�EGI +4- *1/ S ^��9HQNdR_^ [δ(x)]
R �@R]��N U ZdR [y]← $��

([x])
R

� � ���S����� �~
 ���
��
 � � � �	��
 � �����v����
��

chFÔZ�� U ^
^\RJA�Z U ExF\��R$HGN\R U F�Z\R_N\Rn^lZdR_J U FÔZ@�âR$F+H�Z@FâNdHGIi�+N\ENMâIXR_P6E�HÃ^\RJA FâN\R7�9ExIoCtFâExP U HGIR W�HQI1F+H�Z U ExF��9Z��âRX�âIKHDCxR2NO^��âExIKJ H���F�M+I U A7<v^��9HQNdR_J3?��9ExIoCtFâExP U HQI F
E�HVP&H�t U P&HQIv��F�MâI U AJbR GxN\R_R

d
HQF+J]H�^��+HGN\RnJ a R2IÈJ]R_IXR_P
R2F�Z x

RS���âRXGGE�HQI U ^ÁZ\E�^\RJA FâNdR2I1C�RJW�HGIoF9H�Z\R F U F x SU R RQRbZdEuA�EGPE��FâZ\R!^��+HQNdR_^
[F (x)]

R
��Hx^�RnJ$EGF W FâE4��F$Z\RVA"�âF U UNF+R_^�j1m S ��n¶Z@�âR
IÈH�Z\Z\R_NÃ^��+HQNdR_^�A_HQF~M£RXA�ExPE��FbZ\RnJ U F A�EGF�P

^lZOHQF�Z4NdEQFâF9Jâ^
HGF+JwU�F+HGJbNOH�Z U A}A�EGPE�âIKR$t U Z�C S�U R RQR�Z��âR7�âNdEQZ\E	A2EGI�P&H W R_^ O(d2)
A2HGIXIÈ^'ZdE

Z��âR'PXFâI�Z U �+I U A2HQZ U EGF~�âNdEQZ\E	A2EGI6R
��FâN@�âN U ^ U F�GxIoC S Hx^^�)R(� U IKIa^��+E4� U FàZ�� U ^�^\RJA�Z U ExF S Li�âR M�Cb^��âR WK�£EGI1CtFâEGP U HQIÈ^ÁEQH�Z��+R

a Nd^�Z¯HQF+J�Z@�âR!^�RVA�ExF+J WtU F+JLA2HQFLM£R]F+^�RnJ�HG^�HÐP&H�Z��+R2P&H�Z U A_HQI­Z\EtExI­Z\EuMâN U F3G4Z@�âR�A�ExP(P
�âIXR t U Z�C�E�H�Z��âRÐH�M£E4WGR��âNdEQM+IXR_PAJâE4��FMZ\E�I U FâR_HGNJR��@RX� U IXI a NO^lZ_A�ExF+^ U JbR_NÁZ@�âR4^ U PE�âIKR2N
A2HG^\R^�
�âR2NdRÇZ��âR]�£EGI1CtFâEGP U HQI F (X) U ^
��F�MâI U A�I1C W FâE4��F$HGF+J�IKHQZ\R2N5NdR_J	FTA�RÇZ��âR�A_HG^\RÃEQH
HÐ^��+HGN\RnJ}�£EGI1CtFâEGP U HQI­Z\EÐZ@�âR'IKHQZ�ZdR2N�EGF+RQR

�`�-� 
 � 	�� � � 	��:��� � 	!�

� U NO^lZ_�)R(�âNdR_^\R2F�ZÇH�F+H��-WxR'�âNdEQZdE�A2EGI�M+HG^\R_J EGF W FâE4��F]Z\RJA"�+F U U�FâRn^^� U Z@� I U FâRnHQN]A�ExP(P
�âIXR t U Z�CNR�qÁF	H¥EGN\Z�FâF9H�Z\R_IoC S Hx^���RB� U IXI�^�R_R S Z��âR �âN\EGZ\E	A�ExIÁIKR_H W ^ U F	H¥ExN\P&HQZ U EGFYH¥EGN�Z��+R
U F�Z\R_N\Rn^lZ U F3GEA_HG^\R_�
�âR2F�Z��âR]�£EGI1CtFâEGP U HQISGxR�Zd^5RJW�HQI1F+H�ZdR_J$H�Z¯[2R_N\ETR



���âR��âNdEQZ\E	A2EGI U ^SG U WGR_F'H�^��+HGN\RnJ^W�HGIoF+R
[x] S �
�âR2NdR

x ∈ F∗
p

HGF+J'H���F�MâI U A��9ExIoCtFâExP U HGI
F (X) =

∑d

i=0
aiX

i
R����âRu�âNdEQZdE	A�EGI � ^ÇZdHG^ W]U ^�Z\EpA2EGPE��FbZdRÅ^��9HQNdR_^

[F (x)]
Rv� U NO^lZ S¶U Z

A�EGPE��FâZ\R_^
([x], [x2], . . . , [xd]) ← +.- *1/ ∗

p([x], . . . , [x])
HQF+JîZ@�âR2F,Z��âR ^��+HGN\R

[F (x)]A2HQFLM£R�A�EGPE��FâZ\R_J7� U Z��âENFbZ U F�ZdR2NOHQA�Z U ExF�Hx^ [F (x)]← a0 + a1[x] +
∑d

i=2
ai[x

i]
R����+R

A�EGPE�âIKR$t U Z�C U ^^A�ExF+^lZOHQF�ZÃNdEQF+F+Jâ^ÁHGF+J
6d = O(d) U F�WGE	A2HQZ U EGF+^ÁE�HaZ@�âR4PXFâIXZ U �âI U A2HQZ U EGF

�âN\EGZ\E	A�ExI +.- *0/ RQ`�N U W�HQA$C�H¥EGIKIXE4�¯^a^ U FTA�R
��R5Hx^\^�FâP
R_J
x ∈ F∗

p

HGF+JX�âR2F3A2R
�)R�A_HQF
H����+IoC
Z��âR��+N\EGZ\E	A�ExI +.- *0/ ∗ ^�RVA$FâNdR2I1CQR �ÃFßZ@�âRÅEGZ��âR_N'�+HGF+J S/U H x 6∈ F∗

p

Z@�âR2FÔZ�� U ^]H�HNA�Z'� U IXIIXRnH W Z@�âN\ENF�GQ�+EQFbZ5Z��+R!H����âI U A2H�Z U ExF�EQHv�âNdEQZdE	A�EGI +4- *1/ ∗ R
�Á^aHQIKNdR_HGJ�C�JâEGFâR U F7j1m$n S F+^ U F�G�HÃZ\RVA"�âF U UNF+RiH¥NdEGP j ��n S Z��+R�GxR2FâR_NdHGI	A2HG^\R_<I�
�âR_N\R�Z��+R

U F��3FbZ�P&HDC^M9R)RJU�F+HGIQZ\EÁ[2R2NdE�?`A2HQF'M9R)N\RnJ	F3A�RnJÇZ\E�FâF�M9ENFâF+JbRnJ_H�HQF	P U F'P'FâIXZ U �âI U A_H�Z U EGF
E�HFâEGF	Ph^ U F�GNFâIÈHQN 3×3
P&H�ZdN U A�Rn^¶HG^S��Rr� U IXIt^ W R�Z"A"��FâE4�]R	��H�Z\R_N`��Rr� U IKIQG U WxRVHQF!HGI�ZdR2NdF+H�Z U WxR

�âN\EGZ\E	A�ExI�H¥EGN-Z��+R¯^\HGPÐR�ZOHG^ W � U Z@� U PE�âNdE4WGRnJ
N@FâFâF U F�GÇZ U P
RQRQ���+R�P&H U F
NdR_^�FâI�Z|H¥NdEGP j ��n
^lZOH�Z\Rn^aZ@�+H�Z�R WGR_N�CÐHQI1GGRJMâNdH U A�H¥ExN\PXFâIÈH

Φ
E�H¶JbRJ�bZ��

l
A2HGFuM9RÃR$t	�âNdR_^d^�RnJÐHx^aZ@�âR��âNdEbJ	F3A�Z

E�H
O(4l)

F+EGF	Ph^ U F�GNFâIKHGN 3×3
P&H�ZdN U A�Rn^-E4WGR_N Fp

< U FÐZ��âR�^\R2F+^\R�Z��+HQZaZ��âR�W�HQI1FâR
Φ(x)

A2HGF
M9R'NdR_HxJuH¥NdEGP Z��+R'N U GQ��Z�Z\EQ�~A�ExN\F+R2N5E�H�Z��âR�P&H�ZdN U t}�âNdEbJ	F3A�Z�?�R3� U F3A2R�HGF�C��9ExIoCtFâExP U HGI
F (X)

EQH/JbR GxN\R_R
d
A2HGFuM9RÇR$t	�âNdR_^d^�RnJ&HG^)HQF�HGIoGxR MâNOH U A�H¥EGNdP'F+IKH'EQH/JbR �âZ��

log d S F (X)A2HQF M9RàR$t	�âNdR_^d^�RnJ HG^&Z@�âRB�+N\EbJ	F3A�Z�EQH
O(d2)

^�F3A"� FâEGF	Ph^ U F�GNFâIÈHQN 3 × 3
P&H�ZdN U A�Rn^ R

���âR
H��3�9RnHQN U F�G
P&H�ZdN U A�Rn^¯HQNdR'R U Z��+R2N¯ExFâR'E�H a WxR�< W FâE4��FT?
A2EGF+^�ZdHGF�Z5P&HQZ\N U A2R_^�ExNÁHQNdRZ��âR U JâR2F�Z U Z�CÅP&H�ZdN U tu� U Z@� x U F�Z��+RÃN U GN��ZiF����£R2N
A2EGNdFâR2NVR�qÃ^ U F�G
HQF�R$��A U R2F�Z
A�EGF9^lZOHQF�Z
N\ENFâF+J��+N\EGZ\E	A�ExIQH¥ExN�PXFâIXZ U �âIoC U F�G�FâEGF�P�^ U F3GQFâIÈHQNvA�EGF9^lZOHQF�Z-^ U [2R�P
HQZ\N U A2R_^v��R U PE�âIoC!Z��+HQZ
Z��âR_N\R5Z@�âR2NdR�R$t U ^lZO^VH^�âN\EGZ\E	A�ExItZ��+HQZ��âN U W�HQZ\R2I1C'A2EGPE��FbZdR_^V^��+HQNdR_^

[F (x)] S �
�âR_N\R
x
P&HDC

RJU�F+HQI¯Z\E�[2R_N\ETRr���âRp�âNdEQZdE	A�EGI�N@FâF+^ U F,HwA�ExF+^�ZdHQF�Z&F�FâP'M£R2N�E�H'N\ENFâF+Jâ^&HGF+J
O(d2)U F�WGE	A_H�Z U EGF9^)EQH +4- *1/ R

cfH��)RÇHGJbP U Z5^\EGP
RÇ^�P&HQIKI��âN\ENM+H�M U I U Z�C
EQH U F	H¥ExN\P&HQZ U EGFÅIKR_H W HQGGR���R_A2HQF}GGR�Z5H
O(d)�âN\EGZ\E	A�ExI�H¥EGN�Z��âR'^dHQP
RÃZdHG^ W HG^iH¥ExIXIKE4�¯^ R	� U Nd^�Z�A"�+E�E�^�R�H4NdHGF+JbEGP a R2IÈJ�R_IXR_PÐR_F�Z [c]←

# (��
()
HQF+J}A�EGPE��FâZ\R¯Z@�âRÃ^��+HGN\R

[x+ c]
R����âR2F7A�EGPE��FâZ\R

([x+ c], [(x+ c)2], . . . , [(x+
c)d])← +.- *1/ ∗

p([x+ c], . . . , [x+ c])
R	��� U ^)^lZdR � U ^�^\RJA FâNdRÁHG^�IXExF�G
HG^ x+ c 6= 0

�
� U A"�
�+H����£R2F9^�� U Z��d�âNdEQM+HQM U I U Z�C 1 − 1/p

<�E4WGR2N�HQIKI�A�E U FëZdEx^d^�Rn^&E�H�Z��+R # (�� �âNdEQZdE�A2EGI/?�R
���âR2FîEQ�£R2FîZ��+R�^��+HGN\R

[c]
Z\EßEQMâZdH U FÔZ@�âR a R_IKJîR2IKR2P
R_FxZ c

R�� U F3A2R�Z@�âRK�£EGI1C�F+EGP U HGIK^
(x + c)i

<
0 ≤ i ≤ d

?_H¥ExN\P?HKM+Hx^ U ^]H¥ExNÐHGIXIi�9ExIoCtFâExP U HGIK^
E�HÁJbRJGGNdR2R�HQZ4P
Ex^�Z d
�)R

A2HQF\A2EGPE��FbZdR
[F (x)]

� U Z@�âEQFbZ U F�ZdR2NOHQA�Z U ExFOF+^ U F�G F (x) =
∑d

i=0
λi(x + c)i S �
�âR2NdR

Z��âR^A�EtR$��A U R2F�ZO^ λi

A2HGFEM9R^A�EGPE��FâZ\R_JEM�C4Z��âR��âIKHDCxR2NO^�F+^ U F3G'EGFâI1CX�3F�MâI U A U F	H¥ExN\P&HQZ U EGF
< U F3A�I1F+J U F�GÅZ@�âR'W�HGIoFâR

c
?�Re���âRX�âN\EGZ\E	A�ExI¶N@FâF+^ U F H}A�EGF9^lZOHQF�ZÁF�FâP'M£R2NÇE�HaNdEQFâF9Jâ^ÁHGF+J

O(d) U F�WxE	A2H�Z U ExF+^�EQH�+4- *1/ RV�ÁE4�)RJWGR_N S�U Z�IKR_H W ^ U F	H¥ExN\P&HQZ U EGF!H�M£EQFâZ x � U Z����+N\ENM+H�M U I U Z�C
1/p

R�chF�Z��+R'N\R_P
H U F9JbR2N5E�H�Z�� U ^¯^\RJA�Z U EGF}��R_� U IKI/JbRJWGR_IXEN��H(�9R_N�H¥RVA�ZdIoC�^\RJA FâNdR��âNdEQZdE	A�EGI
U F O(d) U F�WxE	A2H�Z U ExF+^�E�H +.- *1/ R

�`��� �2�������`���������.	������ 	�� � ���-�
�àR(F+^\R&Li�âRJM�Ct^��âRJWL�£EGI1CtFâEGP U HQIÈ^¯EQHVZ��âR a NO^lZ WtU F9JK�
� U A"�à^dH�Z U ^�HIC�Z@�âRÐI U FâR_HGNÃNdRJA FâN�PN\R_F3A�R

Td(x) = 2xTd−1(x)− Td−2(x), d ≥ 2
� U Z@�ß^�ZdHGN�Z U F3GLW�HGIoFâRn^

T0(x) = 1
HQF+J

T1(x) = x S HQF9J�Li�+R M�Cb^��âRJWp�£EGI1C�F+EGP U HGIK^�EQHZ��âR!^\RJA2EGF+J WtU F+J
Ud(x) = 2xUd−1(x) − Ud−2(x), d ≥ 2



� U Z@�à^�ZdHQN\Z U F�G�W�HGIoFâRn^
U0(x) = 1

HGF+J
U1(x) = 2x

R��+EGNÇFâEQZOH�Z U ExF+HQIvA�EGF�WxR2F U R2F3A2R]�)R
HQIÈ^�EÅ^\R�Z

Td(x) = Ud(x) = 0
H¥EGNÃHGF�C

d < 0
RTc�Z U ^���R2IKI W FâE4��F$Z��9H�ZÁZ@�âR
Li�+R M�Cb^��âRJW

�9ExIoCtFâExP U HQIÈ^ Ti(x) S 0 ≤ i ≤ d
H¥ExN\P;HEM+HG^ U ^�H¥EGNÁHGIXI`�£EGI1CtFâEGP U HQIÈ^5E�HVJbRJGGNdR2R'H�Z¯P
Ex^�Z

d
R�c�R RNR S Z@�âR2NdR¯R$t U ^lZ�A�EtR$��A U R_FxZO^ λi ∈ Fp

^�F3A"�ÅZ��+HQZ)R WxR2N@CX�£EGI1CtFâEGP U HQI F E�H/JbRJGGNdR2RÁHQZ
PÐE�^lZ

d
G U WxR2F U F U ZO^�P
EGF+EGP U HGIâNdR �âNdR_^\R2F�ZdHQZ U EGF F (x) =

∑d

i=0
aix

i
A_HQFEM£RÁR$t	�âNdR_^d^\R_J

U F$Z��+R4Li�âR M�Cb^��+R W�M+Hx^ U ^5HG^

F (x) =

d
∑

i=0

λiTi(x) .
<�mV?

���âR�A�EtR �uA U R_F�Zd^ λi

ExFâI1CÐJbRJ�9R_F+J&ExF
Z��âR��£EGI1CtFâEGP U HQI F S M�FbZ�FâEQZ)EGF x
R�<:�ÁIXI

λi

� ^�A2HGF
M9R_A�ExP(�3FbZ\RnJ�H¥NdEGPïZ��+R

ai

� ^ U F O(d2 log2 p)
M U Z�EN�9R_NdHQZ U EGF+^iF+^ U F3G S H¥EGN U F9^lZOHQF3A2R S Z��âRN\RVA$FâNO^ U WGR�H¥EGNdP'F+IKHx^�H¥NdEGP jom { nfR ?

�âEGN
x ∈ Fp

JâR a FâR�Z@�âR 2× 2
P&H�ZdN U t M(x)

E4WGR_N
Fp

Hx^

M(x) =

(

x −1
1 0

)

,

HQF+J�FâEQZdR�Z��+HQZÁ^ U F3A2R det(M(x)) = 1 S Z��âR'P&H�ZdN U t M(x) U ^�HQI1��HDCb^�FâEGF�P�^ U F3GQFâIÈHQNVR
�v)124,/&������âR_H¥ExIXIKE4� U F�G U JbR_FxZ U Z�C7�âEGIÈJâ^�H¥ExN¯HQF�C U FxZdR GxR2N d ≥ 1

�

M(x)Md−1(2x) =

(

Td(x) −Td−1(x)
Ud−1(x) −Ud−2(x)

)

.
<-kN?

�àRKU�F U A W I1Cw�âNdE4WGR�Z��âR~A�IÈH U P M�C U F9J	F3A�Z U ExF"E4WxR2N d
R��+EGN

d = 1
<-kN? U ^EA�ExN\NdRJA�ZXM�C

JbR a F U Z U ExF`R��¯E4�íHG^d^�F+PÐRu<6kQ?��âExIKJâ^�H¥ExN¯HQF U F�ZdR GGR_N d ≥ 1
R����âR2F~��R_�+HDWGR

M(x)Md(2x) = M(x)Md−1(2x) ·M(2x) =

(

Td(x) −Td−1(x)
Ud−1(x) −Ud−2(x)

)

·
(

2x −1
1 0

)

,

=

(

2Td(x) · x− Td−1 −Td(x)
2Ud−1(x) · x− Ud−2(x) −Ud−1(x)

)

.

��� U ^Á^��âE4�¯^_<6kQ?iH¥EGN
d + 1

R

�`� � �������f��	��J� � �V��	Q���D��� 	T� ���'	!� � �3��� ���3�:� �	� ��	���	�� � � � �	�4�����v��� �=���:���\���e�
�àR4FâE4� A�ExPÐR!Z\E�ENFâN U PE�âNdE4WGR2P
R_FxZÃE4WGR2N¯Z��âRX�âN\EGZ\E	A�ExIK^
H¥N\ExP �bRJA�Z U ExF � R1mQR �àRÐJbR$P^ U GGF�HQFÔHGI�ZdR2NdF+H�Z U WxRu�âNdEQZ\E	A2EGI-Z\E R W�HQI1F+H�ZdR�H~�£EGI1C�F+EGP U HGI U F HM^��9HQNdRu� U Z@��N�FâF+F U F3GZ U PÐR�I U FâR_HGN U FàZ@�âR�JbRJGGNdR2R d

< U F+^lZdR_HxJàEQH�UNF9HGJbNOH�Z U AV?�R`���âR��+N\EQZdE	A�EGIVJâE�Rn^'FâEGZ
IXRnH WHQF�C U F	H¥EGNdP&H�Z U EGFMHQM9ENFbZ�Z��âR!^��+HGN\RnJ�^\RJA2N\R2Z x
RTqÃ^ U F�G
Z@�âR'N\Rn^�F+I�ZO^�EGF�Z��âR
Li�âR M�C	A"�âR W

�9ExIoCtFâExP U HQIÈ^�H¥NdEGP Z@�âR'IKHx^lZÁ^\RJA�Z U EGF�H(�âN\EGZ\E	A�ExI­Z\E&^\RJA$F+N\R_IoCÅRJW�HQI1F+H�ZdR�HEG U WxR2FL��F�MâI U A
�9ExIoCtFâExP U HQI F ∈ Fp[X ]

E�H�JâR GGNdR2R
d U F H�^��+HGN\R [x] U ^ÃHx^�H¥ExIXIKE4�¯^ �T���âRX�âIKHDCxR2NO^ a NO^lZIXE	A2HGIXI1C~A�NdR_H�ZdR!P&H�ZdN U t�P�^��+HQNdR_^ [M(x)]
HQF+J

[M(2x)]
H¥NdEGP;Z��âRÐ^��9HQNdR

[x]
RS���âR_FMZ��âRJC

A�EGPE��FâZ\R\<:A2EGPE�£EGFâR_FxZ�P6� U ^\R�HGF+J U FY�+HGNdHGIXIKR2I/?4P&H�Z\N U t�Ph^��+HQNdR_^ [M(x)M i−1(2x)]
H¥EGN

1 ≤ i ≤ d
M�C

([M(x)M(2x)], . . . , [M(x)Md−1(2x)])← +.- *1/ ∗([M(x)], [M(2x)], . . . , [M(2x)]).



�tRJA FâN U Z�C U ^�GxNdHGF�Z\R_J4^ U F3A2R M(x)
HQF+J

M(2x)
HGN\R�M£EQZ��ÐFâExF	P�^ U F�GQFâIÈHQNVR �iC T UTR�<6kQ? S Z��âR^��+HGN\R

[Ti(x)]
A_HQF$FâE4� M£R'N\RnHGJ U F$Z��âR_F��3�9R_N¯IXR HÞZ�A�ExN\FâR_N)EQH�Z@�âR�N\Rn^�F+I�Z U F�G
P&H�ZdN U A�Rn^ R

�ÃF3A�R]��R
HQNdR_G U WGR_F]^��+HGN\Rn^5E�H-Z��+RÐLi�âR M�C	A"�âRJW}M+Hx^ U ^ {Ti(x)}1≤i≤d

��R�A2HQFMRJW�HQIoP
F+H�ZdR
HQF�CLG U WGR2FK�£EGI1CtFâEGP U HQI F EQHaP
H�t U P&HQI�JbR GxN\R_R d

� U Z��âENFbZ U F�Z\R_NdHNA�Z U EGFKM�C~A�ExPXP
��FbZ U F�G [F (x)] =

∑d

i=0
λi[Ti(x)]

R|�¯R2NdR
λi

HQNdR
Z��âRLA�EtR$��A U R2F�ZO^_H¥N\ExP <�mV?'Z��+HQZ4HQNdR
A�EGPE��FâZ\R_J(M�C!RnHQA"�(�âIKHDCxR2N U F&H��+N\RVA�EGPE��FâZdH�Z U ExFX�3�+HG^\RQR���� U ^aIKR_HxJâ^�Z\E�Z@�âR�H¥EGIKIXE4� U F�G��
�_� 	�� 	�� �:� ��	�� �T��� �$*�2B� �$*�8�x

`
0�#�� )+,:!X0384)b54;�84&(,:24)+�

Fi ∈ Fp[X ]
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H����âI U A2H�Z U ExF+^5E�H�Z��âR'PXFâIXZ U �âI U A2HQZ U EGF~�âNdEQZdE�A2EGI6R
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(
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^�ExIoWxRÇI U FâR_HGNÁ^�Cb^�Z\R_P
^¯E�H-RJU�F+H�Z U ExF+^5Z@�+H�Z�� U IKI�M£R U PE�âIKR2P
R2F�ZdR_J U FB�tRJA�Z U EGFBz U F]H&^�R P
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�âN\Rn^�R_F�Z\R_J U Fdjom��4nfR����£RJA Uba A_HQIKIoC S ��R�^�ExIoWxRÐZ��âRÅI U FâR_HGN
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HQZ\N U t A

R�� U F3A2R(��R&HQNdR
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u, v ∈ Kn S �)R&F+EQZdHQZ\R 〈u, v〉 H¥ExN'Z��âR
F+^�F9HQI)^@A2HGIKHGN��âNdEbJ	F3A�Z 〈u, v〉 =
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uivi
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EGN

K = R
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G(A) = (〈ui, uj〉)1≤i,j≤m

R
L)EGF+^ U JâR2N�Z@�âR�WxRJA�ZdEGN/^��+HNA�R_^
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V ⊂ K

��*Ih��}��#��$�-032Q!"�
Vx = Dx(V ′) ⊂ K(x)n

��
�h�� %��
V ′ ⊂ K(x)n

, �~*/h3�p;e24*6#	%�24)�� �N*f� ;���,:84; 8�x
V
��, �

�"#	,/*92 � )o� � � ��2d!"84;3�$� � #3�$;e!"� ��x$84%w�$[4�$%�5
n × m

&E2�*-%�, �
A

8�[D� %�*/h3� � � )oZ
K
�X*Ih��

&E2�*-%�, �
DxA 
 8�[D� %]*/h3� � �$)1Z

K(x) � , �_��#	,/*f2 �$)o� �
���âR_�âN\EtEQH�^5E�H/Z@�âR'FâR t�Z�Z���EE�âNdEQ�£Ex^ U Z U ExF+^�� U IKI`M£R]G U WGR2F U F�Z@�âR_HIFâIKI�WGR_Nd^ U EGF`R

�_� 	�� 	�� �:� ��	�� �`��� �$*
K
�"�E2 � ;3,/*9� � � )oZ 
�,/*/h |K| = p

� �r84;3�",:ZN�$%(*Ih��([4�@! *984%]�6032Q!"�
F = Kn

24;eZO2p��#��$�60�2N!@�
V ⊂ F

� ��84%L� [4�$%�5
α ∈ K

� 
��L!"8�;���,:ZQ� %7*Ih��KZ�,:2 g�84;e24)
&E2�*-%�, �

Dα = diag(1, α, α2, . . . , αn−1)
� �Ix]2�;p,/;3[4�$%�*6, � )o�X� )o� &E� ;3*

α ∈ K∗
, ��!@h38D� �$;

#	;3, x$84%�&()+5}2�*�%�2�;�ZQ8�& �r*Ih�� ;p*Ih��
0�%�8 �"2 � ,/)+,/*-5}*/h324*�*Ih��]��#����6032Q!"�
Vα = Dα(V ) ⊂ F

, �
�"#	,/*92 � )o�', �'24*�)o�"2D��*

1− 2n(n− 1)/p
�

�_� 	�� 	�� �:� ��	�� ����� �$*
K

�"�p2 � ;3,/*9� � � )oZ 
�,/*Ih |K| = p
2�;�ZO)1�$*

A
�@�B24;

n × m&E2�*-%�, �w8�[D� %�*Ih�� � � )oZ
K
� ��8�%}�$[4� %�5

α ∈ K
��*92��N�7*/h3�LZ�,:2 g�84;e24)�&E2�*-%�,:!"�$�

Dn,α =
diag(1, α, . . . , αn−1)

2�;�Z
Dm,α = diag(1, α, . . . , αm−1)

�X24;eZw*Ih��B&E2�*-%�, �
Aα =

Dn,αADm,α

� �eh�� ; *Ih��E0�%�8 �@2 �$,/)b,/*-5\*Ih�2�* �"84*Ih
Aα

24;�Z
A>

α

24%@�~��#	,/*f2 �$)1�p&u24*6%�,:!"���
, x�24;s,/;T[D� %�*6, �$)o�L� )o�$&u� ;3*

α ∈ K∗
, �}!"h�8D� � ;s#	;T, x$84%�&()+5B24*^%�24;eZQ8�& , ��24*^)o�"2D��*

1 −
(2/p)(n(n− 1) + m(m− 1)).



����� ��	 	T�4��� ������� 	T�V� �]�J��� �'	!��� �����D�V�
L)EGF+^ U JâR2N�Z��âR_WxRJA�ZdEGN�^��+HQA2R_^

E = Km
HQF9J

F = Kn
HQF+J�IXR2Z

A
M£R!HQF

n×m
P&HQZ\N U tE4WGR2N

K
N\RJ�âNdR_^\R2F�Z U F�G�H�I U FâR_HGNÃP&HQ��� U F�G A : E → F

Re� 0T� � #3ZQ8�,/;3[4�$%"� �&EQH
A U ^�HQF�C

m × n
P&H�ZdN U t B : F → E

^�F3A"�îZ��9H�Z
ABA = A

HQF9J
BAB = B

R � U WxR2FëZ���E^�F�M9^��+HNA�Rn^
V, W ⊂ E S Z@�âR
F+EQZdHQZ U EGF E = V ⊕W

P
R_HQF9^�Z��9H�Z
E U ^�Z@�âR7Z�,/%��"!$*���#	&

E�H
V
HGF+J

W S Z��+HQZ U ^ S E = V + W
HGF+J

V ∩W = {0} R���âR2NdR�A_HQF4R$t U ^�ZaP&HQF�C!J Uo� R_N\R_FxZ��+^\R F9JbE U F�WGR2NO^\R_^¶EQH£HÃP&H�Z\N U teRDcfH B U ^-H^�+^\R F+JbE U F�P
WGR2NO^\RVE�H

A S Z@�âR2F E = Im B⊕kerA
HGF+J

F = Im A⊕kerB
RV>]EGNdR2E4WGR_N S H¥EGN�R WGR_N�C^�+H U NE�Ha^�F�M9^��+HNA�Rn^

V1 ⊂ E
HGF+J

V2 ⊂ F
^�F3A"��Z��+HQZ

E = V1 ⊕ kerA
HGF+J

F = Im A⊕ V2
SZ��âR_N\R¯R t U ^�Zd^VH_F+F U U�FâR��+^�RJF+JbE U F�WGR_Nd^\R B

E�H
A
^�F3A"�
Z��+HQZ

V1 = Im B
HQF9J

V2 = kerB
R

� U F+HGIXI1C S Z@�âR2NdR U ^'HQZ'PÐE�^lZ!ExFâRE�+^\R F+JbE U F�WxR2NO^�R B
E�H

A
^�F3A"�àZ��+HQZ

AB
HQF+J

BA
HGN\R

^�CtP
P
R�Z\N U A
P&H�ZdN U A�Rn^ RS��� U ^ U ^ÁZ@�âR
EGFâI1Cp�+^\R F9JbE U F�WGR2NO^\R�� U Z@� Im B = (kerA)⊥
HGF+J

kerB = (Im A)⊥
R ��H�A�ENFâNd^\R S ^�FTA"�ÅH]�+^\R F+JbE U F�WxR2NO^�R�R t U ^�Zd^ U H/HQF9J&EGFâI1C U H kerA ⊂ EHQF+J

Im A ⊂ F
HGN\R'^�F U ZdH�M+IXR'^�F�M+^��+HQA2R_^JR

� � � �
�:� � 	!� �S� �¶R2Z
A

M9R$HQF
n × m

P&H�Z\N U tOA2EGNdN\Rn^��£EGF+J U F�G�ZdEàHMI U FâR_HGN
P&H���� U F�G
A : E → F

^�F3A"� Z@�+H�Z
kerA ∩ (kerA)⊥ = {0} HQF+J Im A ∩ (Im A)⊥ = {0} S Z@�+H�ZU ^ S A HQF+J

A>
HQNdR!^�F U ZdHQMâIKR!P&H�Z\N U A�R_^JRT���+R��B8J8�%��$. ���$;T%�8D� ��0T� � #3ZQ8�,/;3[4�$%"� �

A†
EQH

AU ^¯Z��âR�F+F U U�FâR'�+^�RJF+JbE U F�WGR_Nd^\R�E�H A
� U Z�� Im A† = (kerA)⊥

HGF+J
kerA† = (Im A)⊥

R
�
A�Z�F9HQIKIoC S Z��âR
>MEtEGNdR$P�`-R2FâNdEx^\Rr�+^\R F9JbE U F�WGR2NO^\RVE�H A

A_HQFXM9R�JbR a FâR_J
Z\EtE'HG^�Z@�âR�FâF U UNF+R
m × n

P&H�ZdN U t A† : F → E
^�F3A"� Z@�+H�Z

AA†A = A S HQF9J A†AA† = A† S HQF+J AA†HQF+J
A†A

HGN\R'^�C�P
P
R�ZdN U AÇP&H�Z\N U A�R_^JR
��M+^�R_N�WxR5Z��+HQZ�Z@�âR�>MEtExN\R P�`-R2F+N\E�^�R
�+^\R F9JbE U F�WGR2NO^\R�EQH A

A_HQFuM£RÃJbR a FâRnJÅEGF+IoC U H AHQF+J
A>

HQNdR¯^�F U ZOH�MâIKR¯P&H�ZdN U A�Rn^ RQ�Ã^\^�FâP
R�Z@�+H�Z��)RÁHGN\R U F
Z�� U ^�^ U Z�F9H�Z U EGF�R �@R�A�ExF+^ U JbR_N
G = A>A

HGF+J
H = AA> S Z@�âR �ÇNOHQP P&HQZ\N U A2R_^�EQH A

HQF+J
A>

RT�âNdEGP �¶R_PÐP&H�k S GHQF+J
H
HQNdRÇ^�F U ZdH�M+IXR'P&H�ZdN U A�Rn^�� U Z@� kerG = kerA

HQF+J
kerH = kerA>

R
�àRK�âNdR_^\R2F�ZÅFâR ttZ�HOF+^\R$HIFâIÃR$t	�âNdR_^d^ U EGF H¥EGN

A† U FîZ\R_N\P&^�E�HÇZ��âRBA"�9HQNOHQA�ZdR2N U ^�Z U A
�9ExIoCtFâExP U HQI­EQH H

ExN�Z@�âR�EGFâRÇE�H
G
R��/R�Z

f0 : Im A> → Im A
M£RÇZ��âR�I U F+R_HQN�P&H���� U F�GEQMbZOH U FâR_J�H¥N\ExPåZ��âR�N\Rn^lZdN U A�Z U ExF!E�H A : E → F

ZdE
Im A>

HQF+J
IXR2Z
π : F → Im A

M£R�Z��âR
EGN\Z��âENGGEGF9HQIe�âNdE �lRJA�Z U EGF$E4WGR_N Im A

RTc�Z U ^ÁFâEQZÁJ U ��A$F+I�Z¯ZdE�A"�âRJA W Z��+HQZ f0
U ^ U F�WGR2N\Z U MâIKRHQF+J"Z��9H�Z

A† = f−1

0
π
R�L)EGF9^ U JbR2N r = rankA = rankA> = rankG = rankH

R
�âNdEGP �¶R2P
P&H �+S Z@�âR7A"�+HGNdHNA�ZdR2N U ^�Z U AE�9ExIoCtFâExP U HGI�E�H H U ^!EQH�Z��âR}H¥EGNdP

det(XIn −
H) = Xn + a1X

n−1 + · · · + arX
n−r

� U Z@� ar 6= 0
Re>MEGNdR2E4WxR2N S Z��+R(A"�+HGNdHNA�ZdR2N U ^�Z U A

�9ExIoCtFâExP U HQI�E�H G
�9HG^�Z@�âR
^\HGPÐRXA�EtR$��A U R2F�ZO^ÃHx^�Z��+R4ExFâR!E�H H S Z��9H�Z U ^ S det(XIm −

G) = Xm + a1X
m−1 + · · · + arX

m−r
R-L)EGF+^ U JâR2N!H~WGRVA�ZdEGN

y ∈ F
HQF+J ZdH W R z =

Hry +a1H
r−1y + · · ·+ar−1Hy +ary

R ��C&H����+IoC U F�GÐL�HDCtIXRJC�Pf�ÃHQP U IXZ\ExF&HQF+J
ZOH WtU F�G
U F�Z\EàHQA A2EQFâF�Z!Z@�+H�Z kerH2 = kerH S �)R�GxR�Z!Z@�+H�Z

z ∈ kerH
R|���âR2F S y = a−1

r z −
a−1

r (Hry+a1H
r−1y+ · · ·+ar−1Hy) = z1 +z2

� U Z@� z1 = a−1

r z ∈ kerH = kerA>HQF+J
z2 ∈ Im H = Im A

Re���âR_N\R H¥EGNdR S Z@�âR4ExN�Z@�âEQGxEGF+HGIS�âNdE �lRJA�Z U EGFMEQH y ∈ F
EGF

Im AU ^ π(y) = −a−1

r (Hry + a1H
r−1y + · · ·+ ar−1Hy)

R �¯E4� S ZdH WtU F�G U F�Z\EÐHQA A2EQFâF�ZVZ@�+H�Z
f−1

0
AA> = A> S ��R_GGR2Z�Z��+HQZ

A† = f−1

0
π = −a−1

r f−1

0
(Hr + a1H

r−1 + · · ·+ ar−1H) =

= −a−1

r A>(Hr−1+a1H
r−2+· · ·+ar−1In) = −a−1

r (Gr−1+a1G
r−2+· · ·+ar−1Im)A>.



���âRL>]E�ExN\R P�`-R_FâN\E�^�Ru�9^�RJF+JbE U F�WGR_Nd^\R}A2HGFsM£R7F9^�RnJ�Z\Eß^\EGI1WGR�HàI U FâRnHQN
^�Cb^�Z\R_P?E�H
RJU�F+H�Z U ExF+^'EQH�Z@�âRuH¥ExN\P

Ax = b S M�FâZX��R&FâR2RnJ@Z��+HQZ'M9EGZ��
A
HGF+J

A>
HQNdRÅ^�F U ZdHQMâIKRP
HQZ\N U A2R_^JR �ÁR WGR_N�Z@�âR2IKR_^d^ S M�CXF+^ U F�G!`VNdEQ�£Ex^ U Z U ExF � S ��R�A_HQFÅH��3�âIoC
H'NOHQF+JâEGP Z\NOHQF+^�H¥EGN�P

P
HQZ U EGF&ZdE
Z@�âRÇP
HQZ\N U t A
Z\E4EQMbZOH U F�H!P&H�ZdN U t Aα

WGR_N U HIC U F�G
Z�� U ^��âNdEQ�£R2N\Z�CX� U Z��7� U GN�
�âN\ENM+H�M U I U Z�CNR

��� � ���v����� 
 	T� �I� ���
� U WxR2F�Z��+RaZ��âR_EGNdR�Z U A_HQIQNdR_^�FâIXZd^SH¥NdEGPäZ��+Rr�âNdRJA�RnJ U F�G¯^�RVA�Z U ExF+^ S �)RaR ttZ\NOHQA�Z/Z��âR�H¥ExIXIKE4� U F�G
�âN\ENM+H�M U I U ^�Z U A�HQI1GGExN U Z��âP H¥ExN¯^�ExIoW U F�G
I U FâRnHQN�^�Cb^�Z\R_P
^5EQH�RVU�F+H�Z U ExF+^ R

� � 
 	T� �:� ��� � U F+^\EGI1WGRNR
�������	��

����� �

A, y, m, n �
� �������
A ∈ Fn×m

p � y ∈ Fn
p ��� ��� m ≤ n������������
������ �

x
� ��!������ � � Ax = y � ��� �#" � � s

�	���$� ! � �%�	��&'� ()�����*�,+��,�,��-.� �
�/�10 2 �
" 0 ��34 3657� !�8�� � ������- α

R← Fp � ���9!���� � �,�:�����
n×n

- � ���;� < Dn,α = diag(1, α, . . . , αn−1)
� ���*�����

m×m
- � ���;� < Dm,α = diag(1, α, . . . , αm−1)

3
= 3�>7��-?

���,�

Aα ← Dn,αADm,α � ��� yα ← Dn,αy
3

@ 3�>7��-?

���,�
G← A>

α Aα ∈ Fm×m A�A G � � � �,+
-?-9�B���C� !
m×m

- � ���;� <D 3�>7��-?

���,�?�����E! �$� F�!�� �G���,�
(a1, . . . , am)

�G(:������!�� � � � !��,�G�C� �/�%� !*
���0 +
���1-�� � 0��(
GH 3�>7��-?

���,�6�����E� � �
8 r

��(
GI 3�>7��-?

���,�

A†
α ← −a−1

r (Gr−1 + a1G
r−2 + · · ·+ ar−1Im)A>

αJ 3�>:����!�8K� (
AαA†

αyα = yα

3ML ()����� � �����6�/+��/�,��-N� � �O���E�P��0Q���%� ��� ��� ��������� " � �
s = 0

� �O��� ���
�R�����S3
T 36L (U�����V�,+��,�,�G-W� � � � �P��0Q���%� ���*�X�B�����R�

s = 1 � ��� x← Dm,αA†
αyα

3
L)EGNdN\RVA�Z\F+R_^d^�EQH�Z@�âR!HQI1GGExN U Z��âP U ^¯^�ZdHQZ\R_J U F�Z@�âR'FâR t�Z¯IKR2P
P&H�R

� ��� � � ��� � � *
A ∈ Fn×m

p

�
y ∈ Fn

p

��2�;�Z
m ≤ n

�ZYT#V0N0�84�$�'*Ih�24*
y ∈ Im A

�r*/h324*i, � �
*/h324*�*/h3����5D��*9�$& h�24�X2u� 84)b#	*-,:8�;!� � �$*

x
�"�'*/h3�E84#	*b0�#	*�8�x]*Ih��X%�24;eZQ8�&X,\[V�"Z72�) g�84%�,/*Ih�&

� ,/;�� 8�)+[D�]2"0Q0e)+,:�"Z'*98
A, y, m, n

� �eh3�$;���
�,/*/h_0�%@8 �"2 � ,/)+,/*65E2�*�)o�"24�"*
1−(2/p)(n(n−1)+

m(m− 1)),

��^h324[4�

Ax = y
�

��%�8V8�x ��L)IXRnHQNdIoC S Ax = D−1

n,αAαD−1

m,αDm,αA†
αyα = D−1

n,αAαA†
αyα = D−1

n,αyα = y
R

q¯F�Z U I�F+E4� ��R4Hx^\^�FâP
R_J
m ≤ n

R3cfH
n ≤ m S ��R
^��+EQFâIÈJMHGJâHQ�bZ¯Z@�âR4HGIoGxEGN U Z@�âP M�C

F+^ U F�G H = AαA>
α
U F9^lZdR_HGJ
E�H G

Z\EÇEQMbZOH U F A†
α

R�� U FTA�R)Z��âR5EQMâZdH U FâRnJ!^�ExIoFâZ U EGF4JâR �£R2F+Jâ^EGF
α S H
NdHGF+JbExPï^\EGI1FbZ U EGF x0

EQH�Z��âRÃI U FâRnHQN5^�Cb^�Z\R2PïE�H¶RVU�F+H�Z U ExF+^ Ax = y U ^)EQMâZdH U FâRnJM�FbZ S A2IXRnHQNdIoC S Z@�âR^�âN\ENM+H�M U I U Z�C&J U ^�Z\N U M�FâZ U EGF U ^�FâEQZ�FâF U H¥EGNdP EGF�Z��âR'^\R�Z5E�H�HGIXI��£Ex^d^ U MâIKR^�ExIoFbZ U ExF+^JR�cfH���R���HGF�Z!Z��âR�EQFbZ@��FbZÐE�H5Z��âR$HQI1GGExN U Z��âP Z\EpM£R}F+F U H¥ExN\P
I1C�J U ^�Z\N U M�FbZ\RnJHQP
EGF�G4HQIKIT�£Ex^d^ U MâIKRÃ^\EGI1FbZ U EGF9^VE�H/Z��âRÇ^�Cb^�Z\R2P S �)R^A2HGF&ZdH W RÁH
NdHGF+JbEGP WGRVA�ZdEGN
z ∈ Fm

pHQF+J7A�EGPE��FâZ\R
x1 = x0 + Dm,α(Im −A†

αAα)z
R	� U F+HQIKIoC S EQM+^\R2N@WGRÁZ��+HQZ�M�Cu� U A WtU F�G
H�ZNdHGF+JbEGPïHQF

m×m U F�WxR2N\Z U MâIKR¯P&H�Z\N U t M
HQF9JuA�EGPE��FâZ U F�G Dm,α(Im−A†

αAα)M S �)R
GGR�Z¯H
NOHQF+JâEGP R2IKR2P
R_FxZÁHGP
EGF�G
HQIKI

m×m
P
HQZ\N U A2R_^��
�âE�^�R]A2EGI1FâP
F+^�^��9HQF

kerA
R



� ����� � ���S������� �.���������,�|�	� � � ��
��	

�e
 ���

������	T�4� � ����� � *���h�24%@���
[A]

8�xi24;
n×m

&E2�*-%�, �]2�;�Z���h�24%@���
[y]

8�xi2�;
n
.�Z�,/&E� ;���,:84;e24)

[D�"! *f8�% �"��gQ,/[4�$; � �eh3�$%��(� �Q, ��*-�^2E&(#	)+*6,/.10�2�%�*-5�0�%�8�*f8V!"84)`*Ih�2�* � 
�,/*Ih'0�%�8 �"2 � ,/)+,/*-5L24*r)o�"24�"*
1 − O(n2/p)

�i�$�"! #	%�� )+5~!"8�&�0e#	*f�$�'��h�2�%��$�
[x]

8�xu27�$8�)+#	*6,:84;w*98L*/h3�(��5D�"*9� & 8�xX)+,/;��"2�%
� � #324*6,:84;3�

Ax = y
2�;�ZX��h�2�%����

[s]
8�x_2 � ,/*r,/;�Z�,:!@2�*-,:8�;p, x�*/h3���"5D��*9�$& , ��� 84)+[42 � )o� ����h3�

0�%�8�*f8V!"84)|%�#	;��',/;s!"8�;���*f2�;3*�%�8�#	;�ZD�E24;�ZL#�� �$�
O(m4 + m2n + m log p)

2"0Q0e)+,:!"24*6,:84;��
8�x]*Ih���&X#	)+*6, 0�)b,:!@2�*-,:8�;�0e%�84*98V!@8�) �
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�àRÐHG^d^�FâP
R���R
HGN\R�G U WxR2FM^��+HQNdR_^�EQH�HÅ^�C�P
P
R�ZdN U A!^@U�F+HQNdR m×m
P
HQZ\N U tw<I�£Ex^d^ U MâI1C^ U F�GQF+IKHGN"? SnU H­FâEQZVH��3�âIoC!Z��âR a NO^�Z�Z@�âNdR2R�^lZdR �+^-EQH+Z@�âR � U F+^\EGI1WGR��âN\EGZ\E	A�ExI�F+^ U F�G O(m2n)P'FâIXZ U �âI U A_H�Z U EGF9^ R��àR^�5HQF�Z�ZdE(A2EGPE��FbZdRÃ^��+HQNdR_^

([a1], . . . , [am])
E�H�Z@�âR^A"�9HQNOHQA�ZdR2N U ^�Z U A

�9ExIoCtFâExP U HQI�E�H G
R � U Z@� Z@�âR
ZdRJA"�âF U U�FâRn^ÃEQH5L)NOHQP
R2NÇHQF+J �ÃHGP(G��QNOJwj+�Vn-Z�� U ^_A2HQF M9R

N\RnJ	F3A�RnJàZ\EKA�ExP(�3FbZ U F�G m
Z U P
R_^}< U Fw�+HQNOHQIKIXR_I ?ÁZ@�âRÅJbR�ZdR2NdP U F+HGF�Z!E�H�H�F+EGF	Ph^ U F�GNFâIKHGN



P
HQZ\N U t HQF9J H����âI1C U F3G\�9ExIoCtFâExP U HGI U FxZdR2N@�9ExIKHQZ U EGFîZ\E N\RVA�EGF9^lZdN�F3A�ZÅZ��+RBA�EtR$��A U R_FxZO^ R
� U FTA�R5^�RVA$FâNdR2I1C]A�EGPE��FâZ U F�GÁZ@�âR�JbR�ZdR2NdP U F+HGF�Z|A_HQF
Rn^\^\R2F�Z U HGIXI1C_M9R5JbEGF+RiM�C'P'F+I�Z U �âI1C U F3GZ��)EM^��+HQNdR_J

m ×m
P&H�Z\N U A�R_^ S �
� U A"�OA_HQF�M9R�A_HQNdN U R_J EQFbZ U FwA�EGF9^lZOHQF�Z'N\ENFâF+Jâ^�HQF9J

F+^ U F�G O(m3)
H����+I U A2HQZ U EGF+^aEQH9Z@�âR�P'F+I�Z U �âI U A2H�Z U ExFE�âN\EGZ\E	A�ExI S Z@�âR��
�âExIXR
�+N\EGZ\E	A�ExI�N@FâF+^

U FwA�ExF+^�ZdHQF�Z'NdEQFâF+J+^'HQF+J
O(m4)

H����âI U A2H�Z U ExF+^�E�H�Z��+R&P'FâIXZ U �âI U A_H�Z U EGFO�âNdEQZdE	A�EGI6R �@R
��N U Z\R

([a1], . . . , [am])← ��� (�#�� �'*�� ([G]).
�àR�FâE4�íJbR_^@A�N U M£R'HQF�HQIXZ\R_N\F+HQZ U WGR�HQF+J�P
EGNdR'^ U PE�âIXR'HQ���âNdExHQA"�7� U Z@��N\ENF�GQ�âI1C
Z��+R^\HGPÐR
A2EGPE�âIKR$t U Z�CXM+HG^\R_J4EGF �/R WGR_N\N U R2N�� ^ �¶R_PÐP&HEj1m � S Li�+H��bZdR2N ��n6R��+EGNaZ@� U ^-Z\RVA"�âF U UNF+RZ\Ep��EGN W ��Ru� U IKI��+HDWxR
Z\E]Hx^\^�FâP
R
Z��+HQZ!Z��+R a F U Z\R a R2IÈJ � ^'A"�+HGNdHNA�Z\R_N U ^�Z U A U ^
HQZ!IXRnHG^�Z

m
R T ��A U R2F3A C
E�H­Z�� U ^�H����âNdExHNA"�&JbR �£R2F+J+^�ExF
Z��âRÃFâR �,^\RJA FâN\R��9ExIoCtFâExP U HQI9R W�HQI1F+HQZ U EGFZ\RJA"�+F U U�FâR�H¥N\ExP �tRVA�Z U ExF � R �àRÅF+EQZ\RÅZ��+HQZ
Z��+R}F+^\RÅE�H �/R WGR_N\N U R2N�� ^ �/R2P
P&H U FÔZ��+HQZ
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HQZ\N U t S �
�âR2NdR¯R_HNA"�&R2F�Z\N@CEM9R_IXE4�îZ@�âRÃJ U H�GxEGF+HGI U ^VZ@�âR¯ZdNdHNA�R¯EQH�Z��âR��9E4��R2NO^

Gi
E�H�Z��+R

P
HQZ\N U t G
R|���âR�H¥ExIXIKE4� U F�G]IKR2P
P&H U ^
ENMbZdH U F+R_JOM�CwA�EGPXM U F U F3G �¯RJ�5Z\EGF � ^ U JâR2F�Z U Z U R_^

� U Z@��Z@�âR^H�HQA�Z�Z��+HQZ�Z@�âR_^\RÇZ\NOHQA2R_^�A�ExN\NdR_^��9ExF+J&ZdE&^�FâP&^5EQH��£E4�)R_Nd^�E�H�Z��âR�A"�9HQNOHQA�ZdR2N U ^�PZ U A�N\EtEQZO^ R
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
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
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1 0 0 . . . 0 0
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���
���

���
���
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si = tr(Gi) =

∑m

j=1
Gi

jj

x$8�%'24)/)
1 ≤ i ≤ m

�

��Hx^�RnJ'EGF �¶R WxR2NdN U R2N�� ^ �¶R2P
P&H��)R�A_HQF
^\RJA FâNdR2I1C_A2EGPE��FbZdR)^��+HQNdR_^/E�HbZ@�âR�A"�9HQNOHQA�ZdR2N U ^�Z U A
�9ExIoCtFâExP U HQIaHx^�H¥ExIXIKE4�¯^ �e� U Nd^�Z�Z��âRE�âIÈHDCGR_Nd^^A�ExPE��FbZ\R&^��+HQNdR_^ÇEQH�HQIKI�Z��âRE�£E4�)R_Nd^ÇEQH

GF+^ U F�G�Z@�âRp�âNdEQZdE	A�EGI�H¥N\ExP `VNdEQ�£Ex^ U Z U ExF k�HQF+JîZ@�âR2FëZ@�âR CîIKE�A_HQIKIoC=A�ExP(�3FbZ\R ^��+HGN\Rn^
E�HÁZ@�âR$Z\NOHQA2R_^

[si]
Rr���âR_F Z@�âR CîH����+IoCßZ@�âR�P
HQZ\N U t U F�WGR_Nd^ U EGF\�âNdEQZdE	A�EGI)Z\EwA2EGPE��FbZdR

[S−1] ← � � &
([S]) S �
�âR2NdR

S U ^�Z@�âR
P&H�ZdN U tLH¥N\ExP �/R2P
P&H}z	R�� U F+HGIXI1C�Z@�âR CKA_HQI A$FâIÈH�ZdR
^��+HGN\Rn^�E�H�Z��âR�P
HQZ\N U t�PfWGRVA�Z\ExN��+N\EbJ	F3A�Z

S−1 · (s1, s2, . . . , sm)>
ZdEMEQMbZOH U Fß^��+HGN\Rn^�E�HZ��âR_A"�+HQNOHQA�Z\R_N U ^lZ U A��9ExIoCtFâExP U HQI6RS< �ÁEQZ\RÃZ��9H�Z�Z��âR�P&H�ZdN U t S U ^iGNF+HQNOHQF�ZdR2R_JÐZdEXM£R�FâEGF�P

^ U F�GQF+IKHGN!^ U F3A�R�H¥EGN U Z	� ^!JbR2Z\R2NdP U F9HQF�Z'��Ru�+HDWGR
det(S) =

∏m

i=1
i
�
� U A"� U ^!FâExF	P�[2R2NdE

M�C�ENFâN
HG^d^�FâPE�bZ U ExF�Z��9H�Z Fp

�+HG^(A"�+HQNOHQA�Z\R_N U ^lZ U A�H�Z
IXRnHG^�Z m
R ?XqÁ^ U F3G Z@�âR7�+N\EGZ\E	A�ExI

R$t	�âIÈH U FâR_J U F�`VNdEQ�£Ex^ U Z U EGFLkÐ^��+HQNdR_^�EQH�HQIKIS�£E4�)R_Nd^
G, G2, . . . , Gm

A2HGF7M£R�A�ExPE��FbZ\RnJ
U FwA�ExF+^�ZdHQF�Z�N\ENFâF+Jâ^'HGF+J

O(m · m3) = O(m4)
HQ���âI U A_H�Z U ExF+^ÇE�H�Z@�âR&P'F+I�Z U �âI U A2H�Z U ExF

�âN\EGZ\E	A�ExI-Rr���+RK�âN\EGZ\E	A�ExI U ^Å^\RJA FâNdRL� U Z��Y�âNdEQM9H�M U I U Z�C HQZ
IKR_Hx^lZ 1 − O(m2/p)
Rr��� U ^

�âN\E4WxR_^����âR_EGNdR2P z	R


