


F

m, k, n ∈ N k ≤ n α = (α1, . . . ,αn) ∈ Fn, x = (x1, . . . , xn)∈
(F\{0})n, αi

GRSn,k(α, x) F

Gα,x =





x1 x2 · · · xn

x1α1 x2α2 . . . xnαn

x1α
k−1
1 x2α

k−1
2 · · · xnαk−1

n




.

GRSn,k(α, x) c Fn

c = (x1f(α1), . . . , xnf(αn)) f(x) ∈ F [x] f
< k x α⌊

n−k
2

⌋

GRSn,k(α, x) n = #F F = 2
GRSn,k(α, x) α x

α, x

GRSn,k(α, x) = GRSn,k((aα1 + b, . . . , aαn + b), (cx1, . . . , cxn))

a, b, c ∈ F, a, c #= 0

$%

αi

α, x u := (u1, . . . un) ui :=
x−1

i

∏
j "=i(αi − αj)−1. GRSn,k(α, x)

GRSn,k(α, x)⊥ = GRSn,n−k(α, u) .

$%



x α

n = #F, k ∈ N≤n l ∈ N≤k

GRSn,k(α, x) Gα,x

(k − l)× k− A F k − l
T := A · Gα,x (α, x). A

m ∈ F k−l

e ∈ Fn ≤
⌊

n−k
2

⌋
c := mT + e

(α, x) c
mT. T m

(k × n)− T = (ti,j) E(T )
T T T. i−

T ti. π : {1, . . . , n} → {1, . . . , n} Tπ

(ti,π(j)) T π.
v = (v1, . . . vn) ∈ Fn vπ := (vπ(1), . . . vπ(n)). T

GRSn,k(α, x) Tπ

GRSn,k(απ, xπ).
T

T (k − l)− GRSn,k(α, x)
α x

T
α

x
c ∈ T c

c = (x1f(α1), . . . , xnf(αn)) ,

f ∈ F [x] f≤ k − 1. d ∈ T
d = (x1g(α1), . . . , xng(αn)). i = 1, . . . , n

ci

di
=

xif(αi)
xig(αi)

=
f

g
(αi) ,

di = 0.

T (k − l)
GRSn,k(α, x) E(T ) := (ti,j) = [1k−l|A] T

(i, b) ∈ {1, . . . , k − l}2 Pi(x), Pb(x) ∈ F [x]
≤ l

ti,j
tb,j

=
(αj − αb)Pi(αj)
(αj − αi)Pb(αj)

j = 1, . . . n tb,j #= 0.



i, b ti, tb E(T ) E(T )
k− l−1 k− l−2

ti, tb a1, . . . , ak−l−2 ∈ {1, . . . , k − l}

fi(x), fb(x) ∈ F [x] ≤ k − 1

(tc,1, . . . , tc,n) = (x1fc(α1), . . . , xnfc(αn))

c = i, b

fi(x) = (x − αb) · Pi(x) ·
k−l−2∏

r=1

(x − αar ) ,

fb(x) = (x − αi) · Pb(x) ·
k−l−2∏

r=1

(x − αar )

Pi Pb l j = 1, . . . , n tb,j #= 0

ti,j
tb,j

=
fi(αj)
fb(αj)

=
(αj − αb)Pi(αj)
(αj − αi)Pb(αj)

.

$%

Pi, Pb

Pi Pb

ti E(T ) αi

f(x) = P (x)
Q(x) F P, Q ≤ i ∈ N

P, Q Q x1, . . . , x2i+1 ∈ F
f P Q

(xj , f(xj)), j = 1, . . . , 2i + 1

P̄ , Q̄ F

f(x) = P̄ (x)
Q̄(x)

, P̄ , Q̄ ≤ i Q̄ P (xj)Q̄(xj) = P̄ (xj)Q(xj)
j = 1, . . . , 2i+1. P Q̄ P̄Q ≤ 2i

P Q̄ = P̄Q P Q
Q|Q̄ Q̄|Q Q̄ Q Q̄ = Q

P̄ = P P Q
P (x) = pixi + · · · + p1x + p0 Q(x) = qixi + · · · + q1x + q0.

f(xj)

f(xj)qix
i
j + · · · + f(xj)q1xj + f(xj)q0 − pix

i
j − · · ·− p1xj − p0 = 0

j = 1, . . . , 2i+1
qi, . . . q0, pi, . . . , p0 O(i3) F



d > 1.
P, Q i.

qi = qi−1 = · · · = qi−(d−2) = 0
qi−(d−1) = 1. $%

b b = k−l =: r

P̃i(x) := (x − αr)Pi(x), Q̃i(x) := (x − αi)Pr(x)

gi(x) := P̃i(x)

Q̃i(x)
i = 1, . . . , r − 1.

P̃i Q̃i. ≤ l + 1
2l + 3 (αj , gi(αj))

gi(αj) = ti,j

tr,j
αj

αr+1, . . . ,αr+2l+3

tr,r+1, . . . , tr,r+2l+3

2l + 3 i1, . . . , i2l+3 ∈ {r + 1, . . . , n} ti1 , . . . , ti2l+3 #= 0
αi1 , . . . ,αi2l+3 αr+1 = 0, αr+2 = 1

αr+3, . . . ,αr+2l+3 (αj ,
ti,j

tr,j
)

P ∗
i , Q∗

i ≤ l + 1 P∗
i

Q∗
i

= gi i =
1, . . . , r − 1
P̃i Q̃i P̃i #= P ∗

i

Q̃i #= Q∗
i

P ∗
i (x) (x − αr)

α1, . . . ,αr−1 F
αr+1, . . . ,αr+2l+3 (x − αi) Q∗

i (x)
Q∗

i (x)
(x−αi)

≤ l

Pr(x)

P ∗
i , P ∗

j l +1 Q∗
i = Q̃i

Q∗
j = Q̃j

Q := gcd(Q∗
i , Q

∗
j )

Q∗
w(x)

gcd(Q∗
w(x),Q(x)) = (x− αw), w = 1, . . . , r − 1

α1, . . . ,αr−1 αr+1, . . . ,αr+2l+3 Q = Pr)

P ∗
i , P ∗

j ,

α = (α1, . . . ,αn) P ∗
i , Q∗

i αr

α1, . . . ,αr−1

αr+1, . . . ,αr+2l+3 αr+2l+4, . . . ,αn

αi1 , . . . ,αir−1

π : {1, . . . , n} → {1, . . . , n} π(j) = ij π(ij) = j j = 1, . . . , r − 1



π(b) = b b = r + 1, . . . , r + 2l + 3 β := (β1, . . . ,βn) := (απ(1), . . . ,απ(n))
Tπ GRSn,k(β, xπ)

βi = αi, i = r + 1, . . . r + 2l + 3 β1, . . .βr−1

αi1 , . . . ,αir−1

E(Tπ) E(T ).
αi

getAlpha

α
T GRSn,k(α, x) r = k − l

B α

B ← ∅
β1 ← 0
β2 ← 1

(β3, . . . ,β2l+3) ∈ (F\{0, 1})2l+1 βi

I ← {1, . . . , r − 1, r, r + 2l + 4, . . . , n}

b ← min(r − 1, #I)
j ← 1, . . . , b
ij ← I
I ← I\{ij}

j ← 1, . . . , b
π(j) ← ij
π(ij) ← j

j ← b + 1, . . . , n
j %= i1, . . . , ib
π(j) ← j

Tπ

γ := (γ1, . . . , γr−1) ← getAlpha(β1, . . . ,β2l+3, Tπ)
γ %= NULL

j ← 1, . . . , b
αij ← γj

I = ∅ γ = NULL
γ %= NULL α1, . . . ,αn

B ← B ∪ {(α1, . . . ,αn)}

B



getAlpha(β1, . . . ,β2l+3, T )
(r × n) T F β1, . . . ,β2l+3 ∈ F

(α1, . . . ,αr−1) ∈ F r−1

(ti,j) ← T
i ← 1, . . . , r − 1

P ∗
i (x),Q∗

i (x) ∈ F [x] ≤ l+1 Q∗
i

P ∗
i (βj)

Q∗
i (βj)

=
ti,r+j

tr,r+j

j = 1, . . . , 2l + 3

P ∗
i (x),Q∗

i (x)
Q ← gcd(Q∗

i , Q
∗
j ) i, j i %= j P ∗

i = P ∗
j = l + 1

i ← 1, . . . , r − 1

αi ← root(
Q∗

i
gcd(Q∗

i ,Q) )

(α1, . . . ,αr−1)

NULL

B α′ ∈ B
x = (x1, . . . xn) T ⊂ GRSn,k(α′, x).

α′.
GRSn,k(α, x)

G = GRSn,n−k(α, x′) g G.
t T GRSn,k(α, x)

t · g x′ = (x′
1, . . . , x

′
n)

ti,1α
j
1x

′
1 + . . . + ti,nαj

nx′
n = 0, i = 1, . . . , r, j = 0, . . . , n − k − 1 .

x′ x

getAlpha.
O(r2n) F

O(l)
O(l3)

αi O(rl2)
O(r2n + rl3)

(n−2)!
(n−2l−3)! ∈ O(n2l+1)

n = #F
⌈

n−2l−3
r−1

⌉

n
3 ≤ r ≤ 2n

3
O(n2l+1(r2n+rl3))



x
T = (vi,j), B

(α, x′) T ⊂ GRSn,k(α, x′)

B %= ∅
(α1, . . . ,αn) ← B
X ← x1, . . . , xn

vm,1α1x
j
1 + vm,2α2x

j
2 + · · · + vm,nαnxj

n = 0

j = 0, . . . , k − 1 m = 1, . . . , r
dim(X) > 0
(x1, . . . , xn) ← X

i ← 1, . . . , n
x′

i ← (xi j $=i(αi − αj))−1

B ← ∅

B ← B\{(α1, . . . ,αn)}

((α1, . . . ,αn), (x′
1, . . . , x

′
n))

F.
E(Tπ) π

getAlpha
O(r2n + n2l+1rl3).

#B
n (k − 1)r

O(n2kr)
O(#B · n2kr) #B

Ω(nkl) n, k, l

E(T ) = (ti,j) k − l − 2
i b i #= b, k − l − 2 + s
0 ≤ s ≤ l.

P ∗(x), Q∗(x) ∈ F [x] ≤ l − s + 1 l + 1

ti,j
tb,j

=
P ∗(αj)
Q∗(αj)



j = 1, . . . , n tb,j #= 0. 2(l−s+2)−1 =
2(l−s)+3 αj

O(n2s).

S n, k ∈ N, n ≥ k v = (v1, . . . , vn) ∈
Sn,w = (w1, . . . , wk) ∈ Sk. v w

#{i|vi = s} ≥ #{j|wj = s}

s ∈ S.

v ∈ Sn, w ∈ Sk O(n)
v w.

J ⊂ {1, . . . , n} j, ti,j #= 0 tb,j #= 0.
γ ∈ F γ #= 0 γ

0 =: ∞. F

αj (P∗(γ)
Q∗(γ))γ∈F

( ti,j

tb,j
)j∈J .

αj : f(x) := P∗(x)
Q∗(x)

δ ∈ F ∪ {∞} γ ∈ F f(γ) = δ j ∈ J
ti,j

tb,j
= δ αj = γ. 2s αj tb,j #= 0

P ∗
i′(x),Q∗

i′ (x) ∈ F [x]
≤ l + 1 i′ ∈ {1, . . . k − l}\{i, b}

ti′,j
tb,j

=
P ∗

i′(αj)
Q∗

i′(αj)

j = 1, . . . , n tb,j #= 0.
αj

δ f(γ) = δ
αj j ∈ J, γ

f(γ) = ti,j

tb,j
.

αj .
E(T ) k−l−2

T ⊂ GRSn,k(α, x). π : {1, . . . , n} → {1, . . . , n}
Tπ

GRSn,k(απ , xπ) T Tπ

π E(Tπ)
k− l−2

απ,
α.

π π(i) > k − l
i ∈ {1, . . . , k − l}, E(T π) E(T )



C
k − l.

k− l− 2
s

O(n2(l−s)+1)
O((l−s)3)

O(n(l−s)) O(maxj{Bj}2s)
O(r2n+rl3) maxj{Bj} ≤ l−s+1

O(t1 +n2(l−s)+1((l−s)3 +n(l−s)+(l−s+1)2s(r2n+rl3)))
t1

findPermutation(T, s)
(r × n) T s ∈ N≤l

(π, i, b) i b E(Tπ) r + s − 2

S ← π ∈ Sn π(i) > r i ∈ N≤r

π ← S
S ← S\{π}

E(Tπ)
(i, b) ∈ {1, . . . , r}2 i < b

i b E(Tπ) r + s − 2
(π, i, b)

S = ∅
NULL

s l − s = 1.
f indPemutation

s



α
T GRSn,k(α, x) r = k − l

s ∈ N≤l

B α

(π, i, b) ← findPermutation(T, s)
(π, i, b) = NULL

NULL

(ti,j) := E(Tπ)
(a1, . . . , an) ← i− E(Tπ)
(b1, . . . , bn) ← b− E(Tπ)
B ← ∅
β1 ← 0
β2 ← 1

i1, . . . , i2(l−s)+3 bij %= 0 j
(β3, . . . ,β2(l−s)+3) ∈ (F\{0, 1})2 βi

P ∗(x),Q∗(x) ∈ F [x] P ∗(x),Q∗(x) ≤ l−s+1

P ∗(βj)
Q∗(βj)

=
aij

bij

j = 1, . . . , 2(l − s) + 3
c ← ( ai

bi
)i∈{1,...,n},ai $=0 or bi $=0

( P∗(γ)
Q∗(γ) )γ∈F c

I ← {r + 1, . . . , n}\{i1, . . . , i2(l−s)+1}
i2(l−s)+4, . . . , i2l+3 ∈ I bij %= 0

j ← 2(l − s) + 4, . . . , 2l + 3

Bj ← γ ∈ F\{β1, . . . ,β2(l−s)+3} P∗(γ)
Q∗(γ) =

aij

bij

(β2(l−s)+4, . . . ,β2l+3) βj ∈ Bj

a ∈ {1, . . . , r − 1}\{b}
P ∗

i (x), Q∗
i (x) ∈ F [x] ≤ l + 1

P ∗
i (x)

Q∗
i (x)

=
ta,ij

bij

j = 1, . . . , 2l + 3

P ∗
i , Q∗

i απ

B ← B ∪ {α}

B



n k l s findPermutation

n = 256, k = 133, l = 4
≈ 22000

n l
n l




